
1

M 103: Midterm 1 Review Exercises with answer key

My apologies, I do not have time to type up the detailed solutions.

Here I only provide the answer key.

Warning: I am liable to make mistakes, so the following answers

might be incorrect.

1) Compute
∑15

k=1

(
k(k + 2)2 + k − 3

)
Answer: 19915

2) Compute
∑10

i=1
5·22i
7i

Answer: 6.6419

3) Determine if the series

−10 + 22 − 23

5
+

24

52
− 25

53
+

26

54
− ...

converges. If so, compute its value.

Answer: Converges, with value −50
7 .
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4) Approximate the area of the region bounded by the curve f (x) =

3e−2x and the x−axis between x = 1 and x = 3 using a right

endpoint Riemann sum with N rectangles (write this in closed form).

If N = 5, what does this sum give as an approximate value of the

area? Give a rough sketch of this approximation and label the error

made in the case N = 5.

Answer: Approximation with Riemann sum of N rectangles in

closed form is 6e−2

N e−4/N( 1−e−4

1−e−4/N )

If N = 5, then the approximation evaluates to .1301, I will leave

the sketch up to you :)

5) Compute the actual area of the region specified in the previous

problem using definite integrals. What was the error of the N = 5

Riemann sum approximation?

Answer: Actual area is .1993, so error of N = 5 Riemann sum

approximation is .1993 − .1301 = .0692. (Notice the Riemann sum

gives a lower approximation, this should be apparent in your sketch
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in quesion 4) )

6) Compute the area of the region bounded by y = 2x2 + 10 and

y = 4x + 16.

Answer: 21.33333...

7) Compute the displacement and the total distance traveled by a

particle given that its velocity at time t is given by v(t) = 2t2−10t+8

from t = 0 to t = 3.

Answer: displacement = −3, distance = 10.33333 (notice the ve-

locity function changes signs somewhere in the interval).

8) Give a rough sketch of the graph of F (x) =
∫ x
−π t

2 sin(t)dt on

the interval [−π, π]. (hint: find the roots, critical points, intervals of

increase/decrease and so on of F )

Answer: Notice F (−π) = 0, F (π) = 0. F (t) < 0 for −π < t < π.

F ′(t) = 0 at t = −π, 0, π. F ′(t) < 0 for π < t < 0 and F ′(t) > 0

for 0 < t < π. Your rough sketch should include all of these
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observations derived from the Fundamental Theorem of Calculus

and knowledge of definite integrals.

9) Compute d
dx

∫ x2
0 tetdt.

Answer: d
dx

∫ x2
0 tetdt = 2x3ex

2

(use FTC and chain rule).

10) Compute
∫ −1
−3

∣∣∣x2+2x
x

∣∣∣ dx.

Answer: 1, (hint: use definition of the absolute value to split up

the integral)

11) The Cantor Set: The Cantor ternary set C is created by

deleting the open middle third from each of a set of intervals re-

peatedly: At the first step of construction, one starts by deleting

the open middle third from the interval C0 = [0, 1], obtaining the

set C1 = [0, 13]
⋃
[13, 1]. In the next step of construction, the open

middle third of each of these remaining segments is deleted, obtain-

ing C2 = [0, 19]
⋃
[29,

1
3]
⋃
[23,

7
9]
⋃
[89, 1]. This process is continued ad

infinitum, where at the n-th step we obtain the constructed set Cn
and C = limn→∞ Cn.
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a) At the n-th step of construction, how many intervals were

removed from Cn−1 to produce Cn?

Answer: 2n−1

b) At the n-th step of construction, what is the length of each

interval removed from Cn−1 to produce Cn?

Answer: 1
3n

c) Use part a) and b) to compute the sum of the lengths of all

the intervals removed from C0 = [0, 1] to construct C = limn→∞ Cn.

What does this say about the “length” of the set C?

Answer: From part a) and b), the total length of the intervals

removed from Cn−1 to produce Cn is (23)
n. We now sum over all

the steps of construction to obtain:

sum of the lengths of all the intervals removed from [0, 1] to

construct C =
∑∞

n=1(
2
3)
n = 1.
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Notice this is the same length of the original interval C0 = [0, 1].

So we can consider the remaining set C = limn→∞ Cn to have length

zero.
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