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M 103-Lecture March 15, 2016

Contents:

1) Sequences

2) Convergence and Divergence of Sequences

Voluntary Quiz: Let R be the region in the first quadrant bounded by the functions f(x) = 1
(x+1)2 +1,

g(x) = 1. Does the solid obtained by rotating R about the x-axis have finite volume?

Solution: To investigate, let us set up the necessary computation by disk (a.k.a. washer) method. For

these types of problems is it important to sketch the region R being rotated, this region is given in Figure 1.

Fig. 1. Region R in the first quadrant bounded by the functions f(x) = 1
(x+1)2

+ 1 and g(x) = 1. Notice that this region is

infinite (but does it have finite volume?).

Dissecting the region into thin rectangles along the x-axis of width ∆x, we see that each generated

annulus (or washer) will have outer radius given by the function f(x) and inner radius given by g(x)

and therefore volume given by π(f(x))2∆x − π(g(x))2∆x. Integrating along the x-axis, we obtain the

improper integral

V olume = lim
b→∞

∫ b

0
π((f(x))2 − (g(x))2)dx = lim

b→∞

∫ b

0
π

(
1

(x+ 1)4
+

2

(x+ 1)2

)
dx

= lim
b→∞

[
π

(
−1

3

1

(x+ 1)3
− 2

(x+ 1)

)]b
0
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= lim
b→∞

[
π

(
−1

3

1

(b+ 1)3
− 2

(b+ 1)

)]
−
[
π

(
−1

3

1

(1)3
− 2

(1)

)]
=

7π

3
.

So this object does have finite volume equal to 7π
3 units3.

Challenge Question: Obtain the same conclusion using the “Cylindrical Shell” method.

Sequences

We already encountered sequences implicitly when we previously dealt with series. The goal of this

section is to study sequences in depth, we will use what we learn to handle more complicated series in

the next section.

A sequence is an ordered list (a0, a1, a2, a3, ...) = (ak)k≥0 of real numbers. Here, writing the sequence

as (ak)k≥0 is known as closed form since a sequence that can be expressed this way as a clear rule (we

will see and example in a bit).

A sequence is ordered, and the order matters. Notice that we are in a sense pairing the integers 0, 1, 2, ...

with our sequence. For example, consider the sequence

(0, 2, 4, 6, 8, ...).

It is pretty clear that this list consists of the positive even number, so that in closed form we can write

(2, 4, 6, 8, ...) = (2k)k≥0. Furthermore, indeed notice that the indexing identifies

term 0→ 0 (a0)

term 1→ 2 (a1)

term 2→ 4 (a2)

...

term k → 2k (ak)

...
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So in a sense, each term in our sequence is paired with some integer.

In this notation, (ak)k≥0, k is a dummy variable. This means that any other variable or symbol can

be used for the purpose of labeling the terms in the sequnce, e.g., (a`)`≥0.

Being able to write sequences in closed form in not straight forward and impossible in many cases.

Let see some examples:

Ex: Write the sequence (1, 8, 27, 64, 125, ...) in closed form.

Solution: Notice that

1 = 13

8 = 23

27 = 33

64 = 43

125 = 53.

With this observation, it is clear that the k-th term in our sequence will be given by ak = k3 for k ≥ 1.

Hence (1, 8, 27, 64, 125, ...) = (k3)k≥1.

Ex: Write the sequence (a0, a1, a2, a3, a4, a5, a6, ...) = (1, 1, 2, 3, 5, 8, 13, ...) in closed form.

Solution: Notice that

2 = 1 + 1 = a0 + a1

3 = 1 + 2 = a1 + a2

5 = 2 + 3 = a2 + a3

8 = 3 + 5 = a3 + a4

13 = 5 + 8 = a4 + a5.
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While this observation does not quite give us a closed form, it does give us the following way to describe

our sequence:

a0 = 1

a1 = 1

ak = ak−2 + ak−1, k ≥ 2.

Such an expression is known as a recursive formula, since a term in the sequence depends on previous

terms in the sequence. This particular example is known as the Fibonacci sequence.

Convergence and Divergence

Our previous notions of convergence and divergence extend to sequences, where a sequence is said to

converge if it eventually approaches a fixed value (otherwise, it is divergent). We now provide a rigorous

definition of this concept.

Definition: The sequence (ak)k≥0 converges to the limit a∞ as k → ∞ if, for any δ > 0, a number

N exists such that for all values of k > N , |ak − a∞| < δ holds. Otherwise, the sequence is divergent.

In words, this says: Given any tolerance δ > 0, the terms in the sequence are eventually at a distance

δ from the value a∞. This concept is illustrated in Figure 2.

Notation: If a sequence (ak)k≥0 converges to a limit a∞, we write

lim
k→∞

ak → a∞,

or for brevity

ak → a∞.

Let us look at a simple example to consider this definition more in depth

Example 1: Determine if the sequence
(

1
10k

)
k≥0 converges or diverges.
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Fig. 2. Figure to illustrate the definition of a convergent sequence. Notice that after the point labeled N(δ) in the k axis all of

the sequence terms are in the interval [a∞ − δ, a∞ + δ], so that they are at most a distance δ from the limit a∞.

Solution: It is apparent that 1
10k → 0. To show this rigorously, consider any tolerance δ > 0. We must

find an integer N (which may depend on δ) so that for any k > N we have

|ak − 0| < δ ⇒ 10−k < δ.

This last expression implies k > ln(δ)
ln(10) = log10(δ). Therefore we may choose N = log10(δ).

In conclusion, given δ > 0, if k > N := log10(δ), then
∣∣ 1
10k − 0

∣∣ < δ. So the sequence converges to

0.

Example 2: Determine if the sequence
(
(−1)k

)
k≥0 converges or diverges.

Solution: Notice that this sequence is given as (1,−1, 1,−1, 1,−1, ...), so that it will be a divergent

sequence. To show this rigorously, consider a potential limit a∞. Then we must have either a∞ > 0 or

a∞ ≤ 0.

If a∞ > 0, then notice that for k odd we have (−1)k = −1 so that:

|ak − a∞| = |(−1)k − a∞| = | − 1− a∞| = |1 + a∞| = 1 + a∞ > 1.

Therefore, for any δ < 1 we cannot find an integer N as is required. A similar conclusion occurs is we

assume a∞ ≤ 0 (for even sequence terms in this case), so that no limit exists and the sequence is divergent.

Note: In terms of this definition, the convergence of a sequence does not depend on the “head” of the

sequence, since given a tolerance δ and N we only care about the terms after the index k > N (known

March 16, 2016 DRAFT



6

as the tail of the sequence). In otherwords, changing the first several terms (e.g., million terms) of a

sequence will not affect its convergence.
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