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Iterated Maps

Many sequences we encounter are of the following form: Given a function g = g(x) and a real number

v. Evaluating the function g(x) at the value v then yields g(v) some other number, which typically is

different from our initial v. Now we can feed the function g(x) this new value g(v) to obtain g(g(v)). If

we keep doing this the number of brackets involved gets easily out of hands. Because of this we assume

in this section the convention of computer scientists and logicians to omit all parenthesis from functions.

In other words, we write gv for g(v) and ggv for g(g(v)) etc. Following this notation, we can now feed

the function g(x) the value ggv and get gggv. This process of feeding and re-feeding a function g = g(x)

with values v, gv, ggv, ... is called iterating the function g(x) on the value v. Altogether the process

yields the sequence

(v, gv, ggv, gggv, ...),

or recursively

a0 = v, ak = g[k](v).

Many sequences are of this form, and we wish to know under what circumstances such sequences

converge. In general the behaviour of such sequences depends on the initial point a0 = v and the

function being considered g(x) (we will some of the conditions on g in a bit).

For a continuous function, we have the following observation. Write g[k](v) as the k-th iterate of g(x)

(i.e., applying the function g, k times). Assume the limit limk→∞ g
[k](v) = L exists, then

L = lim
k→∞

g[k](v) = lim
k→∞

g(g[k−1](v)) = g( lim
k→∞

g[k−1](v)) = g(L).

Therefore, if the limit exists then it must satisfy g(L) = L, i.e., it must be a fixed point or also called

and equilibrium point.
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Note: Notice that this does not mean that if L satisfies g(L) = L then L is the limit. This result only

gives us a condition which the limit must satisfy (if it exists).

Example 3: Consider the sequence

a0 = 2, ak+1 =
1

2
(a+ 1).

Suppose you are given that the sequence is monotone decreasing and bounded below by 0 and above by

2. What is the limit?

Solution: Indeed notice that since we know our sequence is monotone and bounded the limit must

exist. By our previous observation the limit must satisfy g(L) = L where in this case g(x) = 1
2(x+ 1).

Therefore, the limit L must satify

L =
1

2
(L+ 1)⇒ L = 1.

Hence, we may conclude that the limit is equal to 1.

In this case we know the sequence was convergent, but we must be careful in using this technique as

the following example shows

Example 4: Consider the sequence

a0 = 2, ak+1 = 2(a+ 1).

If we were to try the same approach as the last exercise we would assume that a limit, L, exists and

satisfies

L = 2(L+ 1)⇒ L = −1.

However, this seems unlikely since our sequence is always positive, and with further inspection we see

it is unbounded so that it must be divergent.

So what is the difference between examples 3 and 4? It turns out we can classify this behaviour for

any differentiable g with the following result:

Let L be an equilibrium point of the function g, i.e., g(L) = L.

If −1 < g′(L) ≤ 1, then the fixed point L is called stable. If g′(L) ≥ 1 or g′(L) < −1, the equilibrium
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point is unstable. Read section 10.6 in the lecture notes for an explanation of this behaviour.

In other words, our iterative sequence generated by initial point a0 = v and function g can only yield a

convergent sequence if g has a stable equilibrium point. Notice that in Example 3 g′(L) = 1
2 so that this

is a stable equilibrium point and therefore a potential limit under correct initial point (a0). On the other

hand, in Example 4 we have g′(L) = 2 so that this is function only has an unstable equilibrium point

and therefore cannot generated a convergent sequence, no matter what initial value we choose a0 = v.

Logistic Map

Let us now consider a more interesting iterated map known as the logistic map. Modelling the dynamics

of populations is among the most basic problems in theoretical ecology. Let the number of individuals in

a population at time t be Nt. In nature, the growth of real populations is, of course, limited by the amount

of resources available the most important resources being food and space. Shortage of resources results

in competition among individuals (as well as between species). Let us denote the strength of competition

by γ. This leads to the model for the population dynamics:

Nt+1 = αNt − γN2
t ,

for α > 0 that represents the per capita reproduction rate of the population. This relation should remind

you of the logistic growth model we saw in the differential equations section, however as we will see

this model has many differences. Notice that Nt+1

Nt
is the per capita number of offspring. Therefore the

population is

increasing if
Nt+1

Nt
> 1 (since this implies Nt+1 > Nt),⇒ Nt <

1

γ
(α− 1)

decreasing if
Nt+1

Nt
< 1 (since this implies Nt+1 < Nt),⇒ Nt >

1

γ
(α− 1)

not changing if
Nt+1

Nt
= 1 (since this implies Nt+1 = Nt)⇒ Nt =

1

γ
(α− 1).

Therefore the quantity N∗ = 1
γ (α− 1) is known as the carrying capacity.

Now we consider the logistic map as an iterated sequence

N0 = v

Nt+1 = g(Nt) = αNt − γN2
t .
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Let us solve for our equilibrium points:

g(Ne) = Ne ⇒ Ne = αNe − γN2
e ⇒ Ne = 0 or 1 = α− γNe

⇒ Ne = 0 or Ne = N∗ =
α− 1

γ
.

So our equlibrium points are Ne1 = 0 and the carrying capacity and notice that the Ne1 = 0 equilibrium

means extinction for our population. Using our classification of equilibrium points from the previous

section we see that g′(N) = α− 2γN so that

g′(0) = α

and

g′(N∗) = 2− α.

Therefore, the equilibrium point Ne1 = 0 is stable if 0 < α ≤ 1 (the lower bound holds since we defined

α > 0) and unstable otherwise. The carrying capacity equilibrium point Ne2 =
α−1
γ is stable if 1 ≤ α < 3

and unstable otherwise.

Notice that since α symbolizes the per capita reproduction rate of our population, our results say

that the population will become extinct if α ≤ 1 and will approach some non-zero stable equilibrium if

1 ≤ α < 3. So this population better get busy making babies in order to survive, but not too busy!

March 23, 2016 DRAFT


