Today

e General solution for complex eigenvalues case.

e Shapes of solutions for complex eigenvalues case.
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Calculating eigenvalues - trace/det shortcut

(o2

e find the characteristic equation and solve it to find the eigenvalues.

e For the general matrix

A) N+ (ad—bc)d+a+d=0
B) M+ (b+c)h+ac—bd=0
€ N —(a+d)X+ad—bc=0
D) A2+ (a — )X+ ad + be = 0

(E) | don’t know how to find eigenvalues.
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Calculating eigenvalues - trace/det shortcut

(o2

e find the characteristic equation and solve it to find the eigenvalues.

e For the general matrix

A) N+ (ad—bc)d+a+d=0
B) M+ (b+c)h+ac—bd=0
w0 N —(a+dN+ad—bc=0
D) A2+ (a — )X+ ad + be = 0

(E) | don’t know how to find eigenvalues.
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Calculating eigenvalues - trace/det shortcut

(o2

e find the characteristic equation and solve it to find the eigenvalues.

e For the general matrix

w0 N —(a+dN+ad—bc=0
D) A2+ (a — )X+ ad + be = 0

(E) | don’t know how to find eigenvalues.
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Complex eigenvalues (7.6) - example

1 1
e Find the general solution to x| = ( 4 1) X .

* The eigenvalues are

A AN=1+x2¢
B A=-1,3
C) N\ =2+ 4
D) A\ = —2,6

(E) | don’t know how to find eigenvalues.
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Complex eigenvalues (7.6) - example

1 1
e Find the general solution to x| = ( 4 1) X .

* The eigenvalues are

WA A =142;
B) \=—1,3
C) A\ =2+ 44
D) A\ = —2,6

(E) | don’t know how to find eigenvalues.
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Complex eigenvalues (7.6) - example

1 1
e Find the general solution to x| = ( ) X .

—4 1
e The eigenvalues are e The eigenvectors are . . .
WA N=1+2¢

B) A= —1,3

C) N\ =2+ 4

D) A\ = —2,6

(E) | don’t know how to find eigenvalues.
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Complex eigenvalues (7.6) - example

1 1
e Find the general solution to x| = ( 4 1) X .

* The eigenvalues are ® The eigenvectors are . . . /
WA AN=1=£2; (1 —(1+4+ 20) 1
A_A1]_< —4 1—(1+2i))
(B) )\ — —1, 3 —9 1
B (—4 —2@') x L4
C) N\ =2+ 4
N (-22' 1)
_ —21 1 1
O A= 2,6 Z vi (22)

(E) | don’t know how to find eigenvalues.
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

o~ (20 (] (1—2i)t [ 1
X(t) — 016 (22> -+ 026 (-2@)
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

o~ (20 (] (1—2i)t [ 1
X(t) — 016 (22> -+ 026 (-2@)

e But we want real valued solutions.
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

o~ (20 (] (1—2i)t [ 1
X(t) — 016 (22> -+ 026 (_21>

e But we want real valued solutions.

x = : 1X
- \—-4 1
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

o~ (20 (] (1—2i)t [ 1
X(t) — 016 (22> -+ 026 (_21>

e But we want real valued solutions.

oo (1N, 2 Ty =1 + T2
-4 1
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

- 1 - 1
__ (1+22)t (1—24)t
x(t) = Cie (2) + Cse (—2i>

e But we want real valued solutions.

oo (1N, 2 Ty =1 + T2
-4 1

!/ / /
J ] =1x]+ 2

] =) — 41 + 9 r?—2r+5=0
r=1+2

/] / /
r; =11 —4x1 + 27 — 11

] —2xy +5x1 =0
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

o~ (20 (] (1—2i)t [ 1
X(t) — 016 (22> -+ 026 (_21>

e But we want real valued solutions.

oo (1N, 2 Ty =1 + T2
-4 1

r=1=+2
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

o~ (20 (] (1—2i)t [ 1
X(t) — 016 (22> -+ 026 (_21>

e But we want real valued solutions.

, ( 1 1> T = x1 + X2
X = X —
-4 1 To = —4x1 + T2

r=14+2i  x(t) = e"(C cos(2t) + Cosin(2t))

J
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

o~ (20 (] (1—2i)t [ 1
x(t) = Cie (2) + Cse (—2i>

e But we want real valued solutions.

, ( 1 1) T = x1 + X9
X = X —
—4 1 To = —4x1 + T2

r=14+2i  x(t) = e"(C cos(2t) + Cosin(2t))

4 77 () = e'(—2C sin(2t) 4 2C5 cos(2t))
+e'(Cq cos(2t) + Co sin(2t))

Ty = x) — 21 = e'(—2C] sin(2t) + 2C5 cos(2t))
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

- 1 - 1
__ (1+22)t (1—24)t
x(t) = Cie (2) + Cse (—2i>

e But we want real valued solutions.
/ ( 1 1) 56/1 = T1 + T2
X = X =
—4 1 To = —4x1 + X9
e’ (C1 cos(2t) + Cy sin(2t))
e (—2C sin(2t) + 2C5 cos(2t))

L1 (t)
L9 (t)
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

~ 1 - 1
__ (1+22)t (1—24)t
x(t) = Cie (2) + Che (_2)

e But we want real valued solutions.

X,_(l 1>X N T = T1 + T2

-4 1 rh, = —4x1 + X2
r1(t) = t(C’l cos(2t) + Co sin(2t))
ro(t) = e'(—2C sin(2t) + 2C5 cos(2t))

P

e (o (o)

Friday, February 20, 2015



Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

~ 1 - 1
__ (1+22)t (1—24)t
x(t) = Cie (2) + Che (_2)

e But we want real valued solutions.
, ( 1 1) T = x1 + X2
X = X =
—4 1 To = —4x1 + X9
71(t) = €' (C1 cos(2t) + Cy sin(2t))
(t) = e'(—2C] sin(2t) + 2C5 cos(2t))

(t) = et ((11 ((é) cos(2t) — @) sin(2t)>
s (1) st (2) o)

X

(\)

P
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

~ 1 - 1
__ (1+22)t (1—24)t
x(t) = Cie (2) + Che (_2)

e But we want real valued solutions. \ 1 1 0
U1y, L smmem ()= (54 (8)
< — ( ) x = 1 ( 0

-4 1 rh, = —4x1 + X2
71(t) = €' (C1 cos(2t) + Cy sin(2t))
(

t) = e'(—2C sin(2t) + 2Cy cos(2t))

(t) = et ((11 ((é) cos(2t) — @) sin(2t)>
s (1) st (2) o)

X

(\)

P
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Complex eigenvalues (7.6) - example

e \We could just write down a (complex valued) general solution:

- 1 - 1
__ (1+22)t (1—24)t
x(t) = Cie (2) + Che (—2i>

e But we want real valued solutions. \ 1 0
e nre ()R O
X/ — ( ) X = ! :

—4 1 rh, = —4x1 + X2
71(t) = €' (C1 cos(2t) + Cy sin(2t))
(t) = e'(—2C] sin(2t) + 2C5 cos(2t))

(t) = ¢ ((11 (008(215) _ <g> sin(2t)>
2 (D + (2) e

X

(\)

P

Friday, February 20, 2015



Complex eigenvalues (7.6) -

example

e \We could just write down a (complex valued) general solution:

- 1 - 1
__ (1+22)t (1—24)t
x(t) = Cie (2) + Che (—2i>

e But we want real valued solutions

. | |
000
4 11X =

N

561(
(1)

X

(\)

P

(t

)

t)

)

t(C’l cos(2t) + Cysin(2t))
201 sin(2t) 4+ 2C5 cos(2t))

cos 2t

sm 2t

\

Sm 2t

.COS 2t
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Complex eigenvalues (7.6) - example

e Alternatively, multiply out the complex solution and extract real and
imaginary parts:

- 1 - 1
_ (1+24)t (1—24)t
X(t) = (e (22> + Che (_2/&>

e Simplecase: (7 =1, Cy =0
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Complex eigenvalues (7.6) - example

e Alternatively, multiply out the complex solution and extract real and
imaginary parts:

- 1 - 1
_ (1+24)t (1—24)t
X(t) = (e (22> + Che (_2/&>

e Simplecase: (7 =1, Cy =0

g () = ()
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Complex eigenvalues (7.6) - example

e Alternatively, multiply out the complex solution and extract real and
imaginary parts:

- 1 - 1
_ (1+24)t (1—24)t
X(t) = (e (22> + Che (_2/&>

e Simplecase: C7 =1, Cy =0
g x(t) = e (L
— et(cos(zg)2+> i sin(2t)) ((é) + <g> z>

— ¢! ((1)) cos(2t) — (;)) Sin(2t):

+e* (é) sin(2t) + (2) COS(Qt)): )
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Complex eigenvalues (7.6) - example

e Alternatively, multiply out the complex solution and extract real and
imaginary parts:

- 1 - 1
_ (1+24)t (1—24)t
X(t) = (e (22> + Che (-2’&)

e Simplecase: (7 =1, Cy =0

g x(t) =2 17:
t et(c:OS(Qg)2+> isin(2?)) )t O> Z>

) szt

e (é) sin(2t) + (3) COS(Qt))_ )
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Complex eigenvalues (7.6) - general case

. a (b
e Find e-values, A = o + ﬁz, and e-vectors, vV = < 1) T 17 ( 1).

ao

e \Write down solution (or use method on previous slide for formula-free):
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Complex eigenvalues (7.6) - general case

. a (b
e Find e-values, A = o + ﬁz, and e-vectors, vV = < 1) T 17 ( 1).

ao

e \Write down solution (or use method on previous slide for formula-free):

x(t) = e :01 ((Z;) cos(ft) — (Z;) sin(ﬁt))
+Cs ((Z;) sin(B3t) + (2;) cos(ﬂt)>:
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Complex eigenvalues (7.6) - general case

. a (b
e Find e-values, A = o + ﬁz, and e-vectors, vV = < 1) T 17 ( 1).

a2
—a+1b

e \Write down solution (or use method on previous slide for formula-free):

x(t) = e :01 ((Z;) cos(ft) — (Z;) sin(ﬁt))
+Cs ((Z;) sin(B3t) + (2;) cos(ﬂt)>:

x(t) = e** [C] (acos(ft) — bsin(Bt))
+C'5 (asin(ft) + b cos(6t))
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Complex eigenvalues (7.6) - general case

. a (b
e Find e-values, A = o + ﬁz, and e-vectors, vV = < 1) T 17 (191)'
2

ao

=(a)t+ ib

e \Write down solution (or use method on previous slide for formula-free):

x(t) = e :(11 <<Z;) cos(ft) — (Z;) sin(ﬁt))
+Cs ((Z;) sin(B3t) + (2;) cos(ﬁt)>:

"1y @os (6t) — bsin(t))
+Cs @m Bt) + bcos(6t))]
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Complex eigenvalues (7.6) - general case

. a (b
e Find e-values, A = o + 52, and e-vectors, vV = ( 1) T 17 ( 1).

ao 52

:@+

e \Write down solution (or use method on previous slide for formula-free):

x(t) = e :Cl <<Z;> cos(ft) — (Z;) sin(ﬁt))
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Complex eigenvalues (7.6) - example

. 1
e Suppose you find eigenvalue A = 27¢ and eigenvector v = (Z> :

Which of the following is a solution to the original equation?

w x(t) = <1> cos(2rt) — (O) sin(27t)

0 1
(B) — <1> cos(27t) <O> sin(27t)
(C) — <O> cos(2mt) + <1> sin(27t)
1 0
(D) — (é) cos(27t) + (?) sin(27t)
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Complex eigenvalues (7.6) - example

. 1
e Suppose you find eigenvalue A = 27¢ and eigenvector v = (Z> :

Which of the following is a solution to the original equation?

A x(t) = <1> cos(2rt) — (O) in(2rt)

0 1
(B) — <1> cos(27t) <O> sin(27t)

0 1
¥ (C) — <1> cos(2mt) + (O) sin(27t)
(D) — (é) cos(27t) + (?) sin(27t)
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Complex eigenvalues (7.6) - example

. 1
e Suppose you find eigenvalue A = 27¢ and eigenvector v = (Z> :

Which of the following is a solution to the original equation?

%(t) = 27t (1)
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Complex eigenvalues (7.6) - example

. 1
e Suppose you find eigenvalue A = 27¢ and eigenvector v = (Z> :

Which of the following is a solution to the original equation?

%(t) = 27t (1)
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Complex eigenvalues (7.6) - example

. 1
e Suppose you find eigenvalue A = 27¢ and eigenvector v = ( > :

Which of the following is a solution to the original equation?

%(t) = 27t (1)

Y, — (cos(2nt) + i sin(2t)) (1>

[/

cos(27mt) + i sin(2mt))

- (— sin(27t) + icos(27rt))>

_ (é) cos(2mt) — (?) sin(27t)

+1

(

0
1

) cos(2mt) + (

1
0

[/

> sin(27t)
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Complex eigenvalues (7.6) - example

. 1
e Suppose you find eigenvalue A = 27¢ and eigenvector v = ( > :

[/

Which of the following is a solution to the original equation?

%(t) = 27t (1)

Y, — (cos(2nt) + i sin(2t)) (1>

[/

cos(27mt) + i sin(2mt))

- (— sin(27t) + icos(th)))

_ (é) cos(27t) — (?) sin(27t)

+1

1

cos(27t) + sin(27t)

0
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Complex eigenvalues (7.6) - example

. 1
e Suppose you find eigenvalue A = 27¢ and eigenvector v = ( > :

[/

Which of the following is a solution to the original equation?

f(t) _ 62777515

¢ Sum and difference

Real and Imaginary

(-

Y, — (cos(2nt) + i sin(2t)) (1>

[/

B ( cos(2mt) + isin(27t)) )

—sin(27t) + ¢ cos(27t))

trick lets us take the 1 0 ,
=\ o cos(27t) — 1 sin(27t)

parts as two indep.

solutions

+1

1

cos(27t) + sin(27t)

0
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Complex eigenvalues (7.6) - example

. 1
e But what about Ao = —277 and Vg = _Z. ?

X

(t) = e 2" ( :

= (cos(—2t)

(

1
0

—1

)

i sin(—2mt)) (

cos(2nt) — isin(2mnt)) )
—sin(27t) — i cos(2mt))

) cos(2rt) — G) in(2rt)

—1

1(

0
1

) costemt) + (

1

)

1
0

) sin(27rt):
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Complex eigenvalues (7.6) - example

—1

. 1
e But what about Ay = —272 and vo = ?

X(t) = e *™ <_1@>

— (cos(—2mt) + i sin(—27t)) ( 1.)

—1

B ( cos(2mt) — i sin(27t)) )

—sin(27t) — i cos(27t))

sin(2mt)

cos(27t) + sin(27t)

0
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

A e \What happens as t increases?
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

A e \What happens as t increases?

(A) The vector rotates clockwise.
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

e \What happens as t increases?
(A) The vector rotates clockwise.

(B) The vector rotates counter-
x(0) clockwise.

é >
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

A e \What happens as t increases?

(A) The vector rotates clockwise.

(B) The vector rotates counter-
clockwise.

(C) The tip of the vector maps out
a circle in the first quadrant.
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

A e \What happens as t increases?
(A) The vector rotates clockwise.

(B) The vector rotates counter-
x(0) clockwise.

(C) The tip of the vector maps out
a circle in the first quadrant.

(D) The tip of the vector maps out
a circle in the fourth quadrant.
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

A e \What happens as t increases?
(A) The vector rotates clockwise.

(B) The vector rotates counter-
x(0) clockwise.

(C) The tip of the vector maps out
a circle in the first quadrant.

(D) The tip of the vector maps out
a circle in the fourth quadrant.

(E) Explain please.
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

e \What happens as t increases?
¥ (A) The vector rotates clockwise.

(B) The vector rotates counter-
clockwise.

(C) The tip of the vector maps out
a circle in the first quadrant.

(D) The tip of the vector maps out
a circle in the fourth quadrant.

(E) Explain please.
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

A
N




Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

I

Friday, February 20, 2015



Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)

I
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Complex eigenvalues (7.6) - example

x(t) = (é) cos(2rt) — (?) in(2rt)
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Complex eigenvalues (7.6) - example

x(t) = @ cos(2rt) — ((@ sin(2rt)
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Complex eigenvalues (7.6) - example

x(t) = @ cos(2rt) — ((@ sin(2rt)
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Complex eigenvalues (7.6) - example

e Same equation, initial condition chosen so that C1=0 and C>=1.

x(t) = <(1)> sin(2mt) + <(1)) cos(2rt)

x(t) = e** [C] (acos(St) — bsin(Bt))
+C'5 (asin(ft) + b cos(6t)))
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Complex eigenvalues (7.6) - example

e Same equation, initial condition chosen so that C1=0 and C>=1.

x(t) = <(1)> sin(2mt) + <(1)) cos(2rt)

e \What happens as t increases?
(A) The vector rotates clockwise.

x(()) (B) The vec?tor rotates counter-
clockwise.

(C) The tip of the vector maps out
a circle in the first quadrant.

(D) The tip of the vector maps out
a circle in the second quadrant.

(E) Explain please.
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Complex eigenvalues (7.6) - example

e Same equation, initial condition chosen so that C1=0 and C>=1.

x(t) = <(1)> sin(2mt) + <(1)) cos(2rt)

e \What happens as t increases?
¥ (A) The vector rotates clockwise.

x(()) (B) The vec?tor rotates counter-
clockwise.

(C) The tip of the vector maps out
a circle in the first quadrant.

(D) The tip of the vector maps out
a circle in the second quadrant.

(E) Explain please.
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Complex eigenvalues (7.6) - example

e Same equation, initial condition chosen so that C1=0 and C>=1.

x(t) = <(1)> sin(2mt) + <(1)) cos(2rt)

e \What happens as t increases?
¥ (A) The vector rotates clockwise.

x(()) (B) The vec?tor rotates counter-
clockwise.

(C) The tip of the vector maps out
a circle in the first quadrant.

(D) The tip of the vector maps out

* “Same” solution|as before, just a circle in the second quadrant.
/2 delayed.

(E) Explain please.

Friday, February 20, 2015



Complex eigenvalues (7.6) - general case

¢ | ooking at the general solution again...
x(t) = e [C; (acos(5t) — bsin(St))
+(C5 (asin(6t) + b cos(5t)))
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Complex eigenvalues (7.6) - general case

¢ | ooking at the general solution again...
x(t) = e [C; (acos(5t) — bsin(St))
+(C5 (asin(6t) + b cos(5t)))

e Both parts rotate in the exact same way but the Cz part is delayed by a
quarter phase.
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Complex eigenvalues (7.6) - general case

¢ | ooking at the general solution again...
x(t) = e [C; (acos(5t) — bsin(St))
+(C5 (asin(6t) + b cos(5t)))

e Both parts rotate in the exact same way but the Cz part is delayed by a
quarter phase.

e |f an initial condition lies neither parallel to vector a nor to vector b, C+
and C2 allow for intermediate phases to be achieved.
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Complex eigenvalues (7.6) - general case

¢ | ooking at the general solution again...
x(t) = e [C; (acos(5t) — bsin(St))
+(C5 (asin(6t) + b cos(5t)))

e Both parts rotate in the exact same way but the Cz part is delayed by a
quarter phase.

e |f an initial condition lies neither parallel to vector a nor to vector b, C+
and C2 allow for intermediate phases to be achieved.

e x(t) can be rewritten (using trig identities) as

x(t) = Me*" (acos(Bt — ¢) — bsin(Bt — ¢))

where M and ¢ are constants to replace C+ and Co.
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Complex eigenvalues (7.6) - example

e Back to our earlier example where we found the general solution

w0 (om0
()]

(A) (B) (D)

Y B, O s P i F Je o1 1SN _&\'\'\\\\\ I RN
SRRy | (f,,:\\ merREIN jEEEERD
RN | ‘r,‘\§§ NN RAD TN
"//'—"—»s\\ t \ /‘/‘,.‘_q.\k\f k\
s e b ,:/‘ %Q'\* *;"\,\ £ 208 N . g = \t . 3
FRREEESSs \NERRARR\ AeeqeSs: fifdes
Seeumas: WOPBENEE] fIdGwwamm LS
N NPT I Reaen S\
;;E?‘T’:“A s [0 S / LN SN SOSESSS= \ \\—’/_ 7 f

(E) Explain, please.
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Complex eigenvalues (7.6) - example

e Back to our earlier example where we found the general solution

w0 (om0
()]

(A) (B) Y (D)

Y B, O s P i F Je o1 1SN _&\'\'\\\\\ I RN
SRRy | (f,,:\\ merREIN jEEEERD
RN | ‘r,‘\§§ NN RAD TN
"//'—"—»s\\ t \ /‘/‘,.‘_q.\k\f k\
s e b ,:/‘ %Q'\* *;"\,\ £ 208 N . g = \t . 3
\T\*v\""“-*‘//z \\,}“Jl\\ SRR NN (i n M e o L\\\\';
Seeumas: WOPBENEE] fIdGwwamm LS
N NPT I Reaen S\
;;E?‘TQ“A"_: \\\‘_// b [ S T | | \\\\—’/_7‘/‘

(E) Explain, please.
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Complex eigenvalues (7.6) - example

e Back to our earlier example where we found the general solution

o= (o

é) cos(2t) — (3) sin(2t)>

(1)) sin(2t) + (g
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(E) Explain, please.
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