Today

- Transfer functions and convolution.
- Method of Undetermined Coefficients for any periodic function.

« Fourier Series and method of undetermined coefficients



Convolution

- We often end up with transforms to invert that are the product of two
known transforms. For example,

2 1 2
Yis) = 2(s24+4) 2 s2+4

« Can we express the inverse of a product in terms of the known pieces?

F(s)G(s) = L{??}
F(s) = /OOO e ' f(t)ydt — F(s)= /OOO e 7 f(T) dr
G(s) = /OOO e fg(t) dt — G(s) = /OOO e *Yg(w) dw



Convolution

i — /OOO e *g(w) /OOO e °7 f(7) dr dw
_ /O " g(w) /O T e (1) dr duw

Replace Tusing u = 7 + w where w Is constant in the inner integral.

[ /“) 9 s — ) du du
/ / =g —w) du dw
. / / e~ g(w) f(u — w) dw du



Convolution

AW

« What are the correct values for a, b, ¢c and d?
Ux L»
/ e “g(w)f(u—w) du dw L .
L/Jw L >
0 T / . 1% 2
w=constant _ / / e_S“g(w)f(u o w) dw du

(A) Integrate in u from a=0 to b= and in w from c=u, d=co,
(B) Integrate in u from a=0 to b=w and in w from c=0 to d=c=.
¢ (C) Integrate in u from a=0 to b= and in w from c=0 to d=u.

(D) Integrate in u from a=0 to b= and in w from c=w 10 d=co.

(E) Huh?



Convolution

AW
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>

/ [ e w) du du il

— /ab /Cd e "g(w)f(u—w) dw du
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Convolution

F5)G(s) = [ e f(r) d / " ey (w) du

/ / e g(w)flu—w) dw du
4 / / ) dw du

/O e=*uh(u) du = H{(s)

The transform of a convolution is where h(u) = / g(w) f(u —w) dw
the product of the transforms. 0

h(t)=f=*g(t) = /O g(w)f(t —w) dw | This is called the convolution of f and g.

. H(s) = F(s)G(s) Denoted f * g.




Convolution

1 2
- Toinvert Y (s) = — - — 1 we can use the fact that the inverse is
S S

the convolution of the inverses of the two pieces (instead of PFD...).

(1 u

crf s Fro)= [ o)t —w) du
[ 2 :

L 1<\52—|—4}:Sm(2t) fag=gxf

/Ot ft—w)g(w) dw = /Ot f)g(t —w) dw
/ /
 (A) / (t — w)sin(2w) dw ¥ (C) / wsin(2(t — w)) dw
0 0

(B) /0 (t — w)sin(2t) dw (D) /0 wsin(2(w —t)) dw



Convolution

* Transfer functions
ay” + by +ecy=g(t), y(0)=0, y'(0)=0

Y —
(5) as? + bs + CG(S)

« Define the transfer function for the ODE:

1

H(s) = !
(s) 052 & bs + ¢ Independent of g(t)!

y(t) = (h=*g)(¢)
 h(t) is called the impulse response begause it solves (1) when g(t)=0(t).

g(t) = o)
Gls)=e =1 yrr(t) = h(t) = L71{ — :
Y (s) = 1 {as —I—bs—l—c}

as? + bs + ¢



Convolution

- Interpreting the transfer function in a model of memory.

 Your contact list got deleted. You are forced to memorize phone numbers.
Let n(t) be the number of phone numbers you remember at time t. You
forget numbers at a rate k. Finally, g(t) is the number of phone numbers per
unit time that you memorize at time t.

- Equation: n' = —kn + g(t)
« Transform of n(t): N(s) = Gs)
s+ k
- Transfer function: H(s) = — -
S —
» Impulse response: h(t) = e



Convolution

- Interpreting the transfer function in a model of memory.

 Your contact list got deleted. You are forced to memorize phone numbers.
Let n(t) be the number of phone numbers you remember at time t. You
forget numbers at a rate k. Finally, g(t) is the number of phone numbers per
unit time that you memorize at time t.

- Equation: n' = —kn + g(t)

- If you memorize one phone number at t=0 ( g(t)=0(t) ), h(t) tells you what’s
left of that memory at time t.

h(t) = e *
« [f you memorize numbers over time (some complicated g(t)),

n(t) — /Ot h(t _ w)g(w) dw /@(”) all phone

numbers stigr

, reameoTZEEd
:/ e~ (=W g(w) dw —-L—ﬁ
0

T




Fourler series

- Recall Method of Undetermined Coefficients for equations of the form
ay” +by' +cy = f(t)

 Applicable for functions f(t) that are polynomials, exponentials, sin, cos and
products of those.

- How about functions like this (periodic but not trig)?

2

 What if we could
construct such

\ (‘\‘ ‘ /m functions using only

sine and cosine
functions?

https://www.desmos.com/calculator/vectlcysms



https://www.desmos.com/calculator/vecflcysms

Fourler series

 For the equation

y" 4+ 10y = cos(t) + cos(2t) + cos(3t) + cos(4t)

- what will bethe icient) in the solution?
(A) w = 1 '
B)w=2
W C)w=3 °
D) w=4 — N 1
c 2 : Alw) =
W= =

(E) Don’t know. Explain please.



Fourler series

- Even if the coefficients decrease, for example,

1
y" + 10y = cos(t) + 5 cos(2t) + 3 cos(3t) +

1

4

1
— cos(4t) + - - -

- a term with frequency close to resonance can still dominate the others:

(A) w = 1
(B) w =2
W C)w=3
D) w=4

(E) Don’t know. Exp

2

ain please.

|



Fourier series (Method Undetermined Coefficients)

- Replace f(t) by a sum of trig functions, if possible:

N N
2
ay”’ +by +cy=f(t) = Ay + Z ap cos(wpt) + Z by, sin(wy,t)

n=1

 For any f(t), how do we find the best choice of Ao, an, bn?

n=1

https://www.desmos.com/

calculator/vecflcysms

- This problem is closely related to an analogous vector problem: how do

you choose c1, c2 so that w = c1v1+ C2v2?

- If v4 and vz are perpendicular (v1 © v2 = 0), then

WOV] = (C{V]1 OVy + CaV Vi

W O Vq
C1 =
V1 O Vy
5 W O Vo
viovy = ||vi]| Co =

Vo



https://www.desmos.com/calculator/vecflcysms

Fourier series (Method Undetermined Coefficients)

« For functions, define dot product as

gtyon(®)= [ g(ono) dt

- just like for vectors but indexed over all t instead of 1, 2, 3:

VOW = VWi + Vawso + v3W3



Fourier series (Method Undetermined Coefficients)

- Back to our ODE, what do we choose for the whn if f(t) has period T? Keep
iIn mind that we want all the functions involved to have period T.

N N
?
ay’ +by +cy=f(t) = Ay + Z an, cos(wnt) + Z by, sin(wy,t)

n=1 \ nzl/
(A)wn=m/T

Once we find the coefficients, this will be
the N-term Fourier polynomial

B)whn=21/T representation of f(t). If we let N—> oo
we get the Fourier series.

C)whn=nm/T

& DO)whn=21n/T

_ Draw graphs on doc cam.
(E) Don’t know. Explain please.



