Today

e Solving ODEs with forcing terms using Laplace transforms - examples
¢ | aplace transforms of step functions

e Applications



Solving IVPs using Laplace transforms (6.2)

e \With a forcing term, the transformed equation is
ay” + by 4 cy = g(1)

a(s?Y (s) — sy(0) — y'(0)) + b(sY (s) — y(0)) + Y (s) = G(s)
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G(s)
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e Usually a combination of similar techniques (PFD, manipulating
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B) Y(s)= ésjli | (Csj g (E) MATH 101 was a
© ¥(s)= - . i)Q : (Sf_ n ong fmesge
#(0) ¥(s) = - (Si)z : gg:g




Laplace transforms (so far)

ft) F(s)
| %

n!
A g+l
sin(at) e
cos(at) R
e f(t) F(s —a)
f(ct) I (2)



Step function forcing (6.3, 6.4)

| - . 0 t<c pu
 We define the Heaviside function u.(t) = N C’ —
> -

¢ |In WW, uc(t) = u(t-c) = h(t-a)



Step function forcing (6.3, 6.4)

e We define the Heaviside function u.(t) = {

¢ \We use it to model on/off behaviour in ODEs.
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Step function forcing (6.3, 6.4)

e We define the Heaviside function u.(t) = {

¢ \We use it to model on/off behaviour in ODEs.
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1 t>ec
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e For example, in LRC circuits, Kirchoff’s second law tells us that:
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. o . O t < C /r\uc(t\
 We define the Heaviside function u.(t) = ’ —
1 t>ec
e We use it to model on/off behaviour in ODEs. — /_‘2‘1

e For example, in LRC circuits, Kirchoff’s second law tells us that:

i+ Vo+ V3= E(t
\l,=LI’ V,= IR \Lf@/c, 1 2 3 ()
_

1
— O8N — NAAN—I LI' + IR+ =Q=E®)

inductor resistor capacitor
~\applied voltage I = Q/
~ 1
E () LQ" + RQ' + 6@ = FE(t)
e |f E(t) is a voltage source that can be turned on/off, then E(t) is step-like.
AE(
e For example, turn E on at t=2 % I) :
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Step function forcing (6.3, 6.4)

e Use the Heaviside function to rewrite g(t)

0 fort<2andt>5,
1 for 2 <t <5,

(A) g(t) = ua(t) + us(?)
(B) g(t) = ua(t) — us(?)
(C) g(t) = ua()(1 — us(?))
(D) 9(t) = us(t) — ua(?)

(E) Explain, please.
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Step function forcing (6.3, 6.4)

{O fort <2 and t > 5,

e Use the Heaviside function to rewrite g(t) 1 for2<+<5

AU, (¢)
(A) g(t) = ua(t) + us(t) ——
_ 1
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D) 9(t) = us(t) — us(t) B
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Step function forcing (6.3, 6.4)

e Use the Heaviside function to rewrite g(t)

(A g(t) = ua(t) + us(t)
ﬁ?(B) g(t) — U2 (t) —Us (t) messier with
4~ transforms
®(C) g(t) = ua(t)(1 — us(t))
(D) 9(t) = us(t) — ua(t)

(E) Explain, please.

{

0

1 for 2 <t <5,

pJ:

fort <2 and t > 5,
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e \What is the Laplace transform of

(1) = 0 fort<2andt>5,
V=11 for2<t<sb.

— UQ(t) — U5(t) ?
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Step function forcing (6.3, 6.4)

e \What is the Laplace transform of

(1) = 0 fort<2andt>5,
V=11 for2<t<sb.

— UQ(t) — U5(t) ?

C{ue(t)} = /

1 o0 —sc
:/ et dt = ——est| =& (s > 0)
C S c S
6_28 6—58
Llun(t) —us(®)} = S~ (s> 0

Recall: L{f(t)+ g(t)} = /0 TSRt + g(1) dt

— /OOO e St f(t) dt + /OOO e "tg(t) dt
= L)y 4+ Lig@)}
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e Suppose we know the transform of f(t).
e A useful transform (soon to appear):

0 for t < c,

k(2) :{ f(t—c) fort>c.
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e Suppose we know the transform of f(t).

e A useful transform (soon to appear):
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e Solve using Laplace transforms:
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Y+ 2y +10y—9(t)—{ 1 for2<t<S5.

y(0) =0, ¥'(0) =0.
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e Solve using Laplace transforms:

) / B | 0 fort<2andt>5,
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e The transformed equation is
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Step function forcing (6.3, 6.4)

e Solve using Laplace transforms:

) / B | 0 fort<2andt>5,
Y+ 2y +10y—9(t)—{ 1 for2<t<S5.

y(0) =0, ¥'(0) =0.

e The transformed equation is

—2s 6_58

%Y (s) + 25Y (5) + 10Y () = - . :

6_28 . 6_58

Yis) = s(s? + 2s + 10) = (€7 — e H(s)

e Recall that L{u.(t)f(t —c)} = e “F(s)




Step function forcing (6.3, 6.4)

e Solve using Laplace transforms:

) / B | 0 fort<2andt>5,
Y+ 2y +10y—9(t)—{ 1 for2<t<S5.

y(0) =0, ¥'(0) =0.

e The transformed equation is

6_28 6_58
s?Y (s) + 2sY (s) + 10Y (s) =
S S
6_28 . 6_58
Y _ __ (p—2s _ ,—5s H .
(5) s(s? 4+ 2s + 10) (¢ e ) H(s)
H(s) =

e Recall that L{u.(t)f(t —c)} = e “F(s)

y(t) = uz(t)h(t — 2) — us(t)h(t —5)




Step function forcing (6.3, 6.4)

e Solve using Laplace transforms:

) / B | 0 fort<2andt>5,
Y+ 2y +10y—9(t)—{ 1 for2<t<S5.

y(0) =0, ¥'(0) =0.

e The transformed equation is

6_28 6_58
s?Y (s) + 2sY (s) + 10Y (s) =
S S
6_28 . 6_58
Y _ __ (p—2s _ ,—5s H .
(5) s(s? 4+ 2s + 10) (¢ e ) H(s)
H(s) =

e Recall that L{u.(t)f(t —c)} = e “F(s)
y(t) = uz(t)h(t — 2) — us(t)h(t —5)

e So we just need h(t) and we’re done.
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Step function forcing (6.3, 6.4)

_ 1
e Inverting H(s) to get h(t): H(s) = Partial fraction

2
5(s% + 25+ 10) decomposition!

eDoes s + 2s + 10 factor? No real factors.

H(s) ! A, _BstC the blackboard
) = = —
s(s?+2s+10) s  s?24+2s+ 10 (on the blackboard...

1 1 1
10’ 10° ¢ D



Step function forcing (6.3, 6.4)

1
s(s? + 2s + 10)

e Inverting H(s) to get h(t): H(s) =

eDoes s + 2s + 10 factor? No real factors.

H{(s) 1 A+ bDs +C the blackboard
S B — . -
s(s? + 2s + 10) s T 52 195110 (on the blackboard...)
1 1 1
A:—7B:—_7C:__.
10 10 5
H() 1 1 1 S 1 1
§) = — — — _ =
10 s 10 82—|—28—|—1O 532‘|—28—|—1O

Partial fraction
decomposition!



Step function forcing (6.3, 6.4)

1

e Inverting H(s) to get h(t): H(s) = s(s2 + 2s + 10)

eDoes s? + 2s + 10 factor? No real factors.

H(s) ! A, _BstC the blackboard
s) = = —
s(s?+2s+10) s s2+2s+10 (on the blackboard...
1 1 1
A= — B=—— (C=—-
10 10 5
H() 1 1 1 S 1 1
§) = — — — — -
10 s 10 s24+2s+10 5 s2+4+2s+10
H() 1 1 1 S 1 1
S = — = — -
10 s 10 s24+2s+14+9 5 s24+2s+1+9

Partial fraction
decomposition!



Step function forcing (6.3, 6.4)

1

e Inverting H(s) to get h(t): H(s) = s(s2 + 2s + 10)

eDoes s? + 2s + 10 factor? No real factors.

H(s) ! A, _BstC the blackboard
s) = = —
s(s?+2s+10) s s2+2s+10 (on the blackboard...
1 1 1
A=— B=—— (C=—-.
10’ 10’ 5
H() 1 1 1 S 1 1
§) = — — — — =
10 s 10 s24+2s+10 5 s242s+10
H() 1 1 1 S 1 1
S _ —— = — -
10 s 10 s24+2s4+14+9 5 s24+2s+14+9
H() 1 1 1 S 1 1
S = — — — — _
10 s 10 (s+1)2+9 5 (s+1)2+9

Partial fraction
decomposition!



Step function forcing (6.3, 6.4)

1

e Inverting H(s) to get h(t): H(s) = s(s2 + 2s + 10)

eDoes s + 2s + 10 factor? No real factors.
1 A Bs+C

H — = — the black
(s) (52 1 25 1 10) s+52+23+10 (on the blackboard...)
1 1 1
A= — B=—— (C=—-.
10’ 10’ 5
H() 1 1 1 S 1 1
§) = — — — — =
10 s 10 s24+2s+10 5 s242s+10
H() 1 1 1 S 1 1
S _ —— = — -
10 s 10 s24+2s4+14+9 5 s24+2s+14+9
H() 1 1 1 S 1 1
S = — — — — _
10 s 10 (s+1)2+9 5 (s+1)2+9

e See Supplemental notes for the rest of the calculation:
https://wiki.math.ubc.ca/mathbook/M256/Resources

Partial fraction
decomposition!
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Step function forcing (6.3, 6.4)

. 1
e Inverting H(s) to get h(t): H(s) = S(s2 1 25 + 10) Partial fraction
decomposition!

eDoes s? + 2s + 10 factor? No real factors.

H(s) ! A, _BstC the blackboard
S) = = —
s(s?+2s+10) s  s?24+2s+ 10 (on the blackboard..
1 1 1
A=— B=—— (C=—-.
10 10 5 y(t) = uz(t)h(t — 2) — us(t)h(t — 5)
H() 1 1 1 S 1 1 T
§) = — — — — =
10 s 10 s24+2s+10 5 s2+4+2s5s+10 N
H() 1 1 1 S 1 1
S = — = — _
10 s 10 s2+2s4+14+9 5 s24+25+14+9
H() 1 1 1 S 1 1
S = — = — - —
10 s 10 (s+1)2+9 5 (s+1)°+9

e See Supplemental notes for the rest of the calc ;
https://wiki.math.ubc.ca/mathbook/M256/Resources



https://wiki.math.ubc.ca/mathbook/M256/Resources
https://wiki.math.ubc.ca/mathbook/M256/Resources

Step function forcing (6.3, 6.4)

1

e Inverting H(s) to get h(t): H(s) =

eDoes s? + 2s + 10 factor? No real factors.

H(s) 1 A_|_ Bs+ C
S) = = —
s(s?+2s+10) s s2+2s+10
1 1 1
A=— B=—— (C=—-.
10’ 10’ 5
H() 1 1 1 S 1 1
§) = — — — — =
10 s 10 s24+2s+10 5 s242s+10
H() 1 1 1 S 1 1
S _ —— = — -
10 s 10 s24+2s+1+9 5 s24+2s+1+
H() 1 1 1 S 1 1
S = — — — — _
10 s 10 (s+1)2+9 5 (s+1)°+9

e See Supplemental notes for the rest of the calc

s(s? + 2s + 10)

Partial fraction
decomposition!

(on the blackboard...)

https://wiki.math.ubc.ca/mathbook/M256/Resources
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Step function forcing (6.3, 6.4)

1

e Inverting H(s) to get h(t): H(s) = s(s2 + 2s + 10)

eDoes s? + 2s + 10 factor? No real factors.

Partial fraction
decomposition!

H(s) = ! —A+ Bs +C the blackboard
S TS24 25110) s 2125+ 10 (on the blackboard...)
1 1 1
A p— —, B p— -, - — —
10 10 5 y(t) = uz(t)h(t — 2) — us(t)h(t — 5)
1 1 1 1 1 A A
H(s)= — - — ° _Z
10 s 10 s2+2s+10 5 s2+2s+10
H(S) = i 1 — ! i — 1 ! 0 2 4 8 8 10
10 s 10 s24+2s+14+9 5 s24+2s5+1+
11 1 s 1 1 L —
H(s)=— — — 5 - = 5
10 s 10 (s+1)°+9 5 (s+1)°+9
e See Supplemental notes for the rest of the calculation: 2/ 6 C 10
https://wiki.math.ubc.ca/mathbook/M256/Resources
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Step function forcing (6.3, 6.4)

e An example with a ramped forcing function:

0 for t < 5,
5

y' +4y =< 2 for 5 <t <10,
1 for ¢ > 10.

296
l—J—
5 10




Step function forcing (6.3, 6.4)

e An example with a ramped forcing function:
for t < 5,

0
_ t—5
y”—|—4y{ G for5§t<10,

1 for ¢ > 10.
y(0) =0, y'(0) =0.
e Write g(t) is terms of uc(t):

A) g(t) = us(t) — uio(t)




Step function forcing (6.3, 6.4)

e An example with a ramped forcing function:
for t < 5,

0
_ t—5
y”—|—4y{ G for5§t<10,

1 for ¢ > 10.
y(0) =0, y'(0) =0.
e Write g(t) is terms of uc(t):

A) g(t) = us(t) — uio(t)




