Today

e General solutions, independence of functions and the Wronskian
¢ Distinct roots of the characteristic equation
e Review of complex numbers

e Complex roots of the characteristic equation



Modeling - Example

e Saltwater with a concentration of 200 g/L flows into a tank at a rate 2 L/min.
The tank starts with no salt in it and holds 10 L. The tank is well mixed and
the mixed water drains out at the same rate as the inflow.

(a) Write down an for the mass of salt in the tank as a function of
time.

(b) What is the of salt in the tank?
(b) Directly from the equation (m’ = 400 - m/5), find an m for which m’=0.
e m=2000. Called - a constant solution.
e \What happens when m < 20007 --->m’ > 0.
e \What happens when m > 20007 --->m’ <0.

e Limiting mass: 2000 g  (Long way: solve the eq. and let t—.)



—Xistence and unigueness

Theorem 2.4.2 Let the functions f and g—‘g be continuous In some
rectangle a <t <3, v <y <d containing the point (0, Yo).
Then, in someinterval to — h < tg < tg + h containedin a <t < f3

there is a unique solution ¥ = @(t) of the IVP
y = f(t,y), y(to) = Yo

e A couple questions/examples to explore on your own:

e \Why don’t we get a solution all the way to the ends of the t interval?

dy

e Example: 7 — 0)=1
e How does a non-continuous RHS lead to more than one solution?
d
e Example: d_?z — \/@ y(()) =2



Second order linear equations

® The general form for a second order linear equation:
y' + )y +q(t)y = g(t)

e Now, an IVP requires two ICs:

y(0) =vo, ¥ (0) =g

e As with first order linear equations, we have and
second order linear equations.

e \We’ll start by considering the case with

ay” +by +cy=0



Homogeneous equations with constant coefficients

ay’ +by +cy=0
e Suppose you already found a couple solutions, y1(t) and y2(t). This means that
7 / 7 /
ayy +by; +cy1r =0 and  ay; +bys +cy2 =0

e Notice that y(t) = C1yi(t) is also a solution. Plug it in and check:

a(Cry1)" + b(Cry1)" + e(Cryr) %
= aCy(y1)" + bC1(y1)" + c¢C1(y1)
= Ci(ayy +byi +cyr) =0



Homogeneous equations with constant coefficients

e \Which of the following functions are also solutions?

) = ya(t)
W (B) y() = y1()+y2(t
(C) y(t) = y1(t) y2(t
(D) y(t) = y1(t) / ya(t)

e |n fact, the following are all solutions: Ciyi1(t), Coaya(t), Ciy1(t)+Cay2(t).

e \With first order equations, the arbitrary constant appeared through an
iIntegration step in our methods. With second order equations, not so lucky.

e Instead, find two solutions, yi(t), yo(t), by whatever method.

e The will be y(t) = Ciy1(t) + Coya(t).



Homogeneous equations with constant coefficients

e One case where the arbitrary constants DO appear as we calculate:

ely’ + ety = O e’
(e'y)’ = Cre’
ely = Chret + O,
y=C1 + Cae™"

e More common would be that we find solutions y(t) = 1 and y(t)= etand simply
write down

y=Cp + Coe™ !



Homogeneous equations with constant coefficients

e So in general how do we find the two independent solutions y1 and y2?

e Exponential solutions seem to be common so let’'s assume y(t)=e" and see if
that gets us anything useful..

e Solve o -+ =0 by assuming y(t) = e" for some constant r.
Y Y

(ert)// 1 (ert)/ — 0 y

7,,267°t L ,,,ert — 0
r2 e — y = Cie’ + Cye™*
r(r4+1) =20 y=Cy+Coe™"
r=0, r=-1



Homogeneous equations with constant coefficients

e Solve iy — 4y = 0 subjecttothelCs y(0) = 3,7'(0) =2 .

(A) y(t) = 0162t -+ 026_2t
% (B) y(t) = 2e*" + e~
VTR
(C) y(t) = 1€ + 1€
(D) y(t) = e*" + 27
(E) y(t) — 0164t + 026_4t



Homogeneous equations with constant coefficients

e For the general case, ay’’ + by’ + cy = 0, by assuming (1) = e’

we get the characteristic equation:
ar® +br + ¢ =0
® There are three cases.
i. Two distinct real roots: b°- 4ac > 0. (r1#re)
ii.A repeated real root: b®- 4ac = 0.
iii. Two complex roots: b?- 4ac < 0.
’I“Qt

e For case i, we get ¥1(t) = €™ and y2(t) = e

e Do our two solutions cover all possible ICs? That is, can we use them to
form a general solution?
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Independence and the Wronskian (Section 3.2)

e Example: Suppose ¥i(t) = and %2(t) = e*"? are two

solutions to some equation. Can we solve ANY initial
condition 4(0) = o, 7' (0) = vy with these two solutions?

2t—|—3

y(O) = 0163 —+ CQEZ_S = Y0
y’(()) — 20163 —+ 2026_3 — Vo

e Solve this system for C4, Co...

e Cantdoit. Why? [ €° e "
2e3  2¢3
e e
det (26 2e~ ) 0
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Independence and the Wronskian (Section 3.2)

e For any two solutions to some linear ODE, to ensure that we have a
general solution, we need to check that

y1(0) 22(0)\ _ / R,
det (y/l (O) yé (O)> — U1 (O)yQ(O) Y1 (O)yZ(O) 7é 0

e For ICs other than t0=0, we require that

y1(to)ya(to) — ¥ (to)y2(to) # O
* This quantity is called the Wronskian.

W (y1,y2)(t) = y1(t)ys(t) — vy (t)y2(t)
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Independence and the Wronskian (Section 3.2)

e Two functions y4(t) and y2(t) are linearly independent provided that the
only way that Ciyi(t) + Cay2(t) = O for all values of t is when C1=C2=0.

e.g. y1(t) = e* 1 and y,(t) = e** ™ are not independent.

Find values of C1#0 and C2#0 so that C1y4(t) + Cay2(t) = 0.

A Cp=e 73 Oy = —e 2
B) Cp=e 213 Oy =—e 273
C Ci=e", Cy=c¢e"

WD Cp=e? Cy=—e

m
3
p—t

|
Q)
\.C)J
3

|

|
C.DI

V)
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Independence and the Wronskian (Section 3.2)

e Two functions y4(t) and y2(t) are linearly independent provided that the
only way that Ciyi(t) + Cay2(t) = O for all values of t is when C1=C2=0.

e.g. y1(t) = e* 1 and y,(t) = e** ™ are not independent.

* The Wronskian is defined for any two functions, even if they aren’t
solutions to an ODE.

W (y1,y2)(t) = y1(t)y2(t) — y1 (H)y2(?)
e |[f the Wronskian is nonzero for some t, the functions are linearly

independent.

e |f y4(t) and y2(t) are solutions to an ODE and the Wronskian is nonzero
then they are independent and

y(t) = Cry1(t) + Caya(?)

is the general solution. We call y1(t) and y2(t) a fundamental set of solutions
and we can use them to solve any IC. 14



Independence and the Wronskian (Section 3.2)

e So for case i (distinct roots), can we form a general solution from
y1(t) = €™ and ys(t) = e™"?

e Must check the Wronskian:
V"/’(€7“1t7 ergt)(t) — €T1t7,267“2t L Tle’r’lte’f’gt

= (ry —ro)e" e £0

Soves! y(t) = C1e™" + Cye™" s the general solution.
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Independence and the Wronskian (Section 3.2)

e Example: Consider the equation y" + 9y = 0. Find the roots of the
characteristic equation (i.e. the r values).

(A)r1 =3, r2 =-3. As we’ll see soon, this means that
y1(t) = cos(3t) and y2o(t)=sin(3t).

(B) r1 = 3 (repeated root).
Do these form a fundamental set of

{? (C)r1=3i,r 3 solutions? Calculate the Wronskian.
1= , 12 = ~Ol.

W (cos(3t),sin(3t))(t) =
(A) 0 (C) 3

(D)r1 =9, (repeated root).

B) 1 (D) 2cos(3t) sin(3t)
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Distinct roots - asymptotic behaviour (Section 3.1)

e Three cases:

() Both r values positive. Except for the zero solution
t)=0, the limit lim y(%) ...
e.g. y(t) = Cre*" + Coe™ o t—>ooy( )

(i) Both r values negative. ¥ (A) ...is unbounded for all ICs.

e.g. Y(t) = Cre *' 4+ Cye " ¥ (B)...is unbounded for most
|Cs but not for a few

(i) The r values have opposite sign. carefully chosen ones.

e.g. Y(t) = Cie %t + Che’? Y (C) ...goes to zero for all ICs.

Challenge: come up with an initial condition
for (iii) that has a bounded solution.
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Complex roots (Section 3.3)

e Complex number review (Euler’s formula)
e Complex roots of the characteristic equation

e From complex solutions to real solutions
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Complex number review

e We define a new number: 7 = v/ —1

e Before, we would get stuck solving any equation that required square-

rooting a negative number. No longer.
ee.g. Thesolutonsto 2 —dr +5=0ae z=2+iandx =2 —1

e For any equation, aazQ + bx + ¢ = 0, when b? - 4ac < 0, the solutions

have the form © = « &= 37 where o and B are both real numbers.

e For a+Pi, we call « the real part and B the imaginary part.
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Complex number review

e Adding two complex numbers:

(a4 bi) + (c+ di) = a+ c+ (b+ d)i

e Multiplying two complex numbers:

(a + bt)(c+ di) = ac — bd 4 (ad + bc)i

— T ——

e Dividing by a complex number:

(a+bi)/(c+di) = (a+ br) :

(c+ dv)

e \What is the inverse of c+di?
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Complex number review

e \What is the inverse of c+di written in the usual complex form p+qi?

. — di
A) ¢ — di c) &
(A) ﬁ?()CQ—I—dQ
(B) c+ di (D) 1
c? + d? ¢ — di
c—di A +d*— (ed—de)i
(C+dl)62+d2: 62_|_d2 :1

e Dividing by a complex number:

, | L c—di ac+bd  (bc— ad)i
(a+bz)/(c+dz):(a+b2)62_|_d2 T 2142 21
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Complex number review

e Definitions:

e Conjugate - the conjugate of @ + b1 is

a-+bl=a— b0

e Magnitude - the magnitude of a + b1 is

la + bi| = \/a2+b2
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