Today

e Review of solutions to the Diffusion Equation with various BCs.
* The Wave Equation.

e Separation of variables.
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® All coefficients will be non-zero. Not particularly useful for solving the BCs.
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® Adding the linear function to the usual solution to the Dirichlet problem ensures that the
BCs are satisfied without changing the fact that it satisfies the PDE.
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The Wave Equation

e Other physical systems described by the wave equation:
e Sound waves - u(x,t) is the air pressure, c is speed of sound.
e \Water waves - u(x,t) is water height, c is wave speed.

e Electromagnetic waves - u(x,t) is field intensity, c is speed of light ...
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un(z,t) =T (t)v(x)

0w,

:T//
=T (t)u(a)
0°u,,

:T /!
= Tt ()




Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) =T (t)v(x)

0w,

:T//
=T (t)u(a)
0°u,,

:T /!
= Tt ()

T w@)
T"(t) = oT'(1)



Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

Un(x,t) = T(t)v(x) a>0=
0% u, y

52 = T"(t)v(x)

0% u, y

52 T(t)v" (x)

T w@)
T"(t) = oT'(1)



Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

Un(l‘,t) = T(t)v(x) a>0= T(t) — ptVat
0%y, .

atQ =T (t)v(aj)

aQU” 1/

92 T(t)v" (x)

T w@)
T"(t) = oT'(1)



Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

Un(l‘,t) — T(t)v(w) a> 0= T(t) — ptVat
82un T v(x) _ 6:|: \/Caa:
atQ B ( )U(.CE)

0w, .

or2 T(t)v"(x)

T w@)
T"(t) = oT'(1)



Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(x,t) = T(t)v(x) a>0= T(t)=etV
Pu, o(z) = E
otz T (t)v(x) e no oscillations in time,
o2 m ; e can’t satisfy BCs! (v(0)=v(L)=0)
52 T(t)v" (x)




Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(x,t) = T(t)v(x) a>0= T(t)=etV
0%u,, ., v(x) = et e
otz T (t)v(x) * no oscillations in time,
o2 m e can’t satisfy BCs! (v(0)=v(L)=0)
972 = T(t)v" (x) o = 0  doesn’t work either (check).




Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) =T (t)v(x)

0% uy, y
i~ T (1o(a)
0% uy, y
U 10 ()
T" (t)v(z) = AT ()0 (z)
() _ )
T(t) v(x)

T"(t) = oT'(1)

v (x) = gfU(:I:)

a>0= T(t)=etVet
\/_

v(z) = et e ®

¢ no oscillations in time,

e can’t satisfy BCs! (v(0)=v(L)=0)
a = (0  doesn’t work either (check).
a< 0=

T(t) = AicosvV—at + Asgsiny/—at




Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) = T(t)v(z) a>0= T(t) =tV
aQun , U(ZE) _ 6:I: \/Caﬂc
otz T (t)v(x) * no oscillations in time,
@2un , e can’t satisfy BCs! (v(0)=v(L)=0)
92 T(t)v"(z) o = (0  doesn’t work either (check).
T//(t)f(](z):CzT(t)”UN( ) a< (0=
T(t) = AicosvV—at + Asgsiny/—at
T () = —
p— — —
T(t) ¢ fu(gj) U(.CI:) B1 cos - T + Bs sin . T
T"(t) = aT'(t)
v (x) = gfU(:I:)



Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) =T (t)v(x)

0% uy, y
i~ T (1o(a)
0% uy, y
U 10 ()
T" (t)v(z) = AT ()0 (z)
() _ )
T(t) v(x)

T"(t) = oT'(1)

v (x) = gfU(:I:)

a>0= T(t) =V
v(x) = et 5T

¢ no oscillations in time,

e can’t satisfy BCs! (v(0)=v(L)=0)
a = (0  doesn’t work either (check).
a< 0=

T(t) = AicosvV—at + Asgsiny/—at

v(x) = By cos

u(0,t) =0



Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) =T (t)v(x)

0% uy, y
i~ T (1o(a)
0% uy, y
U 10 ()
T" (t)v(z) = AT ()0 (z)
() _ )
T(t) v(x)

T"(t) = oT'(1)

v (x) = gfU(:I:)

a>0= T(t) =V
v(x) = et 5T

¢ no oscillations in time,

e can’t satisfy BCs! (v(0)=v(L)=0)
a = (0  doesn’t work either (check).
a< 0=

T(t) = AicosvV—at + Asgsiny/—at

v(x) = Bl/msfg—l— Bs sin - i
C C

u(0,t) =0




Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) =T (t)v(x)

0% uy, y
i~ T (1o(a)
0% uy, y
U 10 ()
T" (t)v(z) = AT ()0 (z)
() _ )
T(t) v(x)

T"(t) = oT'(1)

v (x) = gfU(:I:)

a>0= T(t)=etVet
\/_

v(z) = et e ®

¢ no oscillations in time,

e can’t satisfy BCs! (v(0)=v(L)=0)
a = (0  doesn’t work either (check).
a< 0=

T(t) = AicosvV—at + Asgsiny/—at




Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) =T (t)v(x)

0% uy, y
i~ T (1o(a)
0% uy, y
U 10 ()
T" (t)v(z) = AT ()0 (z)
() _ )
T(t) v(x)

T"(t) = oT'(1)

v (x) = gfU(:I:)

a>0= T()= eVt
v(z) = e* k.

¢ no oscillations in time,

e can’t satisfy BCs! (v(0)=v(L)=0)
a = (0  doesn’t work either (check).
a< 0=

T(t) = AicosvV—at + Asgsiny/—at

v(x) = Bl/msfg—l— Bs sin - i
C C




Separation of variables

* Inspired by the fundamental solutions to the Diffusion Equation, assume

un(z,t) = T(t)v(z) a>0= T(t)=etVet
aQUn 7, U(ZB) — Bi c
otz T (t)v(x) * no oscillations in time,
02y e can’t satisfy BCs! (v(0)=v(L)=0)
n !/
92 T(t)v"(z) o = (0  doesn’t work either (check).
a< (=

T(t) = AicosvV—at + Asgsiny/—at

=« _ . V-
T(t) U(gj) U(CIJ) — Bl/wyg—l— Bs sin ; T

= C
T"(t) = oT(t) u(0,t) =
U -0 = a=—(nrc/L)?
’U//(CC) — %’U(Qj) ( ) ( / )
¢ (x,t) = | A, cos nmet B, sin nmct sin@
un 9 n L I n L L



Separation of variables

0%u  ,0%u
o2~ " 022
u(0,t) =0
u(L,t) =0
u(z,0) = f(=)
% u(z,0) = g(a)

https://www.desmos.com/calculator/dmfijtOe6g



https://www.desmos.com/calculator/dmfijt0e6q
https://www.desmos.com/calculator/dmfijt0e6q

Separation of variables

0°u  ,0%u

o2 ‘ Ox2 Up(x,t) = (An cos nzct + B, sin m;ct) sin n_zsc
u(0,t) =0

u(L,t) =0

u(za O) — f(l’)

9,

au(mv O) — g($)

https://www.desmos.com/calculator/dmfijtOe6g



https://www.desmos.com/calculator/dmfijt0e6q
https://www.desmos.com/calculator/dmfijt0e6q

Separation of variables

0%u  ,0%u

— = " —

ot? ox? Up(x,t) = (An cos m;ct + B, sin m;f) sin n_z:c

u(0,t) =0 .

u(L, t) — 0 u(x,t) = Z (An COS nzct + B, sin m;ct) sin n_zx
n=1

u(za O) — f(l’)

9,

au(mv O) — g($)

https://www.desmos.com/calculator/dmfijtOe6g



https://www.desmos.com/calculator/dmfijt0e6q
https://www.desmos.com/calculator/dmfijt0e6q

Separation of variables

0%’u  ,0%u

— =T —

ot? Ox? un(x,t) = | A, cos nmet + B,, sin nmet sin %

u(0,t) =0 L L L

u(L7 t) — () u(x,t) = Z (An COs nzct + B,, sin m;ct) sin n_zx
n=1

u(za O) — f(l’)

O * Pull, hold and let go of a guitar string:

au(wv O) — g($)

https://www.desmos.com/calculator/dmfijtOe6g



https://www.desmos.com/calculator/dmfijt0e6q
https://www.desmos.com/calculator/dmfijt0e6q

Separation of variables

0%’u  ,0%u
— =T —
Ot? 0x? un(x,t) = | A, cos nmct + B,, sin nmet sin ¥
u(0,t) =0 L L L
u(L7 t) — () u(x,t) = Z (An COs nzct + B,, sin m;ct) sin n_zx
n=1

u(za O) — f(l’)
O * Pull, hold and let go of a guitar string:
Eu($v O) — g($) gu(x O) _O

ot

https://www.desmos.com/calculator/dmfijtOe6g



https://www.desmos.com/calculator/dmfijt0e6q
https://www.desmos.com/calculator/dmfijt0e6q

Separation of variables

0%’u  ,0%u

— =T —

Ot? 0x? un(x,t) = | A, cos nmct + B,, sin nmet sin ¥

u(0,t) =0 L L L

u(L,t) =0 u(x,t) = Z (An COS nzct + B, sin m;ct) sin n_zx
n=1

u(za O) — f(l’)

O * Pull, hold and let go of a guitar string:

au(wv O) — g($) O

au(aj,()) =0 =B, =0

https://www.desmos.com/calculator/dmfijtOe6g



https://www.desmos.com/calculator/dmfijt0e6q
https://www.desmos.com/calculator/dmfijt0e6q

Separation of variables

0%’u  ,0%u

— =T —

Ot? 0x? un(x,t) = | A, cos nmct + B,, sin nmet sin ¥

u(0,t) =0 L L L

u(L,t) =0 u(x,t) = Z (An COS nzct + B, sin m;ct) sin n_zx
n=1

u(za O) — f(l’)

O * Pull, hold and let go of a guitar string:

au(wv O) — g($) O

—u(z,0)=0 = B, =0

ot
nmwct nNmwx

u(z,t) = Z A, cos 7 sin -
n=1

https://www.desmos.com/calculator/dmfijtOe6g



https://www.desmos.com/calculator/dmfijt0e6q
https://www.desmos.com/calculator/dmfijt0e6q

Separation of variables

0%u  ,0%u
= C ——
atQ 0x? Up(x,t) = (An COS nmct + B,, sin mrct) sin ¥
L L L
(0,t) =0 . t t
— u(x,t) = (An COS nre + B,, sin ne > sin e
w(L,t) =0 ; - . .
(zv O) — f( )
O * Pull, hold and let go of a guitar string:
au(wv O) — g($) O

—u(z,0)=0 = B, =0

ot N
nmct N
— A,, cos Sin ———

Z ——sin—

z:: (Sm ( (x — ct)) + sin (%T(x + ct)))

https://www.desmos.com/calculator/dmfijtOe6g
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