Today

 Fourier series for Heat / Diffusion equation



Fourier series (Method Undetermined Coefficients)

- Back to our ODE, what do we choose for the whn if f(t) has period T? Keep
iIn mind that we want all the functions involved to have period T.

N N
?
ay’ +by +cy=f(t) = Ay + Z an, cos(wnt) + Z by, sin(wy,t)

(A)wn=m/T

(B)Wn=2n/T

C)whn=nm/T

& DO)whn=21n/T

_ Calculate FS on doc cam.
(E) Don’t know. Explain please.



Fourier series (Heat/Diffusion equation)

- When we talk about the Heat/Diffusion equation, we’ll need to satisfy

conditions at x=0 and x=L (ends of a heated rod or a pipe filled with
solution):

« How should we choose Wn in this case?

u(xz) = A0+Zancos Wn X +ansm Wn )

n=1 n=1

» Here, the function is not periodic
on [0,L] but rather [-L,L]!!



Fourier series (Heat/Diffusion equation)

« Want to find Fourier series coefficients Ao, an, bn, that make

zz
i Mz

n COS(Wnx) + Z by, sin(wy, )

n=1

- This will require taking integrals (dot products) like
L
@) ohiz) = [ g@)hla) do

» This integral is zero when
¥ (A) gis even, hisodd.  <-- g(x)h(x) is odd.
(B) gis even, hiseven. <-- g(x)h(x) is even.

(C) g is odd, h is odd. <-- g(x)h(x) is even.



Fourier series (Heat/Diffusion equation)

nmnax

» Define vo(z) =1 vu(x) =cos | —— n=(0,)1.2,3,...
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C) 11/2 ? 0 > p
D) n1t/2 V2

Integral of a trig
over one period

L
nimwxr
Un © Up — /LC082 (T) dr = L g(l‘) Oh(ZL‘)

(m # n)



Fourier series (Heat/Diffusion equation)

- Defining Fourier series:

- Define a function frs(x) on the interval [-L,L] by choosing coefficients Ao,
an and bn and setting

2
fFS(.CE) — AO -+ a1 COS (%) -+ Q9 COS (%:E) + ...

. [TX , 2T
—|—b181n(L) | b251n<T> 4.

 This is called a Fourier series. It may or may not converge for different
values of x, depending on the choice of coefficients.

 Given any function f(x) on [-L,L], can it be represented by some frs(x)?

- Let’s check for f(x) = 2uo(x)-1 on the interval [-1,1] ... e

xY
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Fourler series

« Calculate the coefficients of the Fourier series of a function:

ao X Change the a0/2 to A0 on this
fFS(Qj) p— ? —|— a,l COS (f) ?(I)l;jge(ﬁ;rﬁgg;hdes from last year Yo (aj) _ 1
nnmx
*“ﬁnC%)+ (@) = cos (1)
Wp(x) =810 [ ——
ao L
fF5($) = ?’UO(QC) + a1V1 ($) + agvg(w) o

‘|—b1UJ1 (33) -+ b2w2 (33) + .-



Fourier series (Heat/Diffusion equation)

 Find the Fourier series for f(x) = 2uo(x)-1 on the interval [-1,1].

frs(x) @F a1 COS (ﬂ;) - a9 COS (27£$) I

. (TX . (27 '["‘:(7‘3
~+b1 sin (—) + by sin SRR | _

L L p

~ | '

« Our hope is that f(x) = frs(x) so we calculate
coefficients as if they were equal:

Ag = L/L f(:lj) dy Aoistheaverage
2L |,

value of f(x)!
» To simplify formulas, usually

1 [* -
Ay = f/ f(z) cos (n—zw) dx define L
—L aO:QAO:Z/ f(x) dx
L

bn:%/_LLf(x)sin (?) dx



