Today

e Summary of steps for solving the Diffusion Equation with homogeneous
Dirichlet or Neumann BCs using Fourier Series.

e Nonhomogeneous BCs
e Mixed Dirichlet/Neumann BCs

e Method of Undetermined Coefficients and Fourier Series



Using Fourier Series to solve the Diffusion Equation

e Steps to solving the PDE:
e Determine the eigenfunctions for the problem (look at BCs).

e Represent the IC u(x,0)=f(x) by a sum of eigenfunctions (Fourier
series).

e Write down the solution by inserting e into each term of the FS.

ur = Dug, —> PDE determines all possible eigenfunctions.
du . .

— =0 —> BCs select a subset of the eigenfunctions.
dx x=0,L

u(xz,0) = f(z) —> ICis satisfied by adding up eigenfunctions.



Using Fourier Series to solve the Diffusion Equation

ur = Du, —> PDE determines all possible eigenfunctions.

Let’s look for all possible eigenfunctions:

Dvg,(x) = Mv(x)
Case I: A<0. vy (z) = —A d wy(z) = si —A
ase I: A<0. vyx(x) = cos 72| and wy(z) = sin T

For each value of A<0, these are both eigenfunctions.

Casell: A=0. v,, =0 = v, =C; = v(x)=Ciox+ Cs

The eigenfunctions are therefore v(x) = 1 and v(z) = «.

Case lll: A>0. vy (z) = eV5® and wy(z) = e~V e

These won’t come up so I’ll drop Case llI.



Using Fourier Series to solve the Diffusion Equation

Uy = Dugy —> PDE determines all possible eigenfunctions.

du . .

— =0 —> BCs select a subset of the eigenfunctions.

dx x=0,L

Case I: \<0. vy () = nd wi(z) = %x
The BC at x=0 only works tog va(x) and the BC at x=L only

works for certain A, in particulad) = —n*m°D/L?

Case II: A=0. @: nd uler==x
Represent IC u(x,0) = f(x) by u(x,0) = &20 @y, COS ?
n=1



Using Fourier Series to solve the Diffusion Equation

ur = Du, —> PDE determines all possible eigenfunctions.

u(0,t) = u(2,t) =0 —> BCs select a subset of the eigenfunctions.

D D

The BC at x=0 only works for wa(x) and the BC at x=L only
works for certain A, in particular A\ = —n?7°D/L?

Case ll: A=0. v(#—=T and v(@)=7=

o

— —A
Case |: A<0. v)(x) =-€08S .CC) and wA(az)sin( :z:*)



Using Fourier Series to solve the Diffusion Equation

U+ — 4U:m;

d

dul
dx x=0,2

3
u(x,0) = sin %x

(A) u(x,t) = e 9t cos ST doesn’t satisfy IC.

2
B) u(x,t) = e~ 9™ sin 37TT$ «<—— don’t satisfy BCs.
(C) u(z,t) = Z bne_n%% sin ngx by, = / sin &T—x sin ngx dx
n=1 0
o’e 2
3
ﬁ?(D) u(z,t) = % + ; ane_”%zt COS % Ay = /0 sin %ﬂj COS ? dx



..with nonhomogeneous boundary conditions

= Du
o an eigenfunction for the
u(0,t) =0 o homogeneous BCs
—> Nonhomogeneous BCs
w(2,t) = 4 J /

Case I: A<0. vy (z) = —A d wy(z) = si —A
ase I: A\<0. vy(x S Dm and wy(x) = sin Da:

The BC at x=0 only works for wx(x) and the BC at x=L almost
works for certain A, in particular A\ = —n*r°D /L3

a particular eigenfunction for

Case Il: A=0. M’{[ and U(CU) = 2 € the inhomogeneous BCs

= nmax
Ultimately, we want u(x,t) = 2x + Z be " “mD/LE gin T

n=1
nmx

What function do we use to calculate the Fourier series Z b,, Sin 7 ?

n=1

(A) u(x,0) (B) u(x,0) -2 (C)u(x,0) - 2x (D) u(x,0) + 2x

e



...with nonhomogeneous boundary conditions

e Solve the Diffusion Equation with nonhomogeneous BCs:

Ut — D/U/ajaﬁ ) \A(K\'k) |
u(0,t) = a e Recall - rate of change is " !
proportional to curvature so B 4
u(L,t) = bumps get ironed out. )
u(z,0) = f(z) oL :
|
b o a ‘I \

t) = t) — | .
U(:U? ) u(x, ) (CL | T ZE) L ,x
Ve = U

t t } = vy = Dv,,

Vpx — Ugx

* v(x,1) satisfies the Diffusion Eg

v(0,t) = u(0,t) —a =0 with homogeneous Dirichlet
B d IC.
v(L,t) = u(L,t) — b= Csand anew IC
b—a
U(CE,O) — U(ZC,O) — <a | 7 I)



...with nonhomogeneous boundary conditions

e Find the solution to the following problem:

U+ — 4uw

2 ST
=9t i O
w(0,1) = 9 (A) u(x,t)=ce sin —
w2, t) =3 3 - nmwx
u(xz,0) = sin %x B) u(x,t) = Z b,e ™ ™ sin -
n=1

2
n=1
(D) u(x,t) = % + N ae ™ cos ——
n=1

2
3
where b,, = / (sin T 9 + 2:1:') sin nzﬂ dx
0



...with nonhomogeneous boundary conditions

e How would you solve this one?

U = 4tgy

d

dul  __,
dx r=0,2

For you to think about...



Using Fourier Series to solve the Diffusion Equation

up = gy Use sines? cosines?
u(0,t) = 0 o —0 Shoulld be zero at x=0 so definitely sine
dx | .., functions.
u(z,0) =z Zero slope at x=2 so extend to x=4 and
L) choose periods to get the slope right.
T

. nTx . , 3ﬂx ,
Sin —: Sll’l — sin ——

o) f(x) so that its Fourier sine series has only odd values of n?
lf[\g (X) )\{[\S; (X)
. / —> 3
2 2 - 4 X
o - 2kmx Y,
Extension is “even” about x=2 so sin coeffCients| are all O.

4



Using Fourier Series with Method of Undet. Coeff.

e Find the solution to the following problem:
y" 4+ 16y = 4sin(7t) — 3 sin(27t)
y(t) = yn(t) + yp(t) where

ﬁ?(A) Yp (t) = Asin(nt) + B sin(27t) Because no y’ term, the

cosine coefficients are all O.

for n>2 will be zero. Need whole family so

include cosines.

W (C) y,(t) = Asin(nt) + B cos(wt) + C'sin(2nt) + D cos(27t)

ﬁ?(B) yp(t) — i B, Sin(nﬂt) Technically ok but all B
n=1

ﬁ?(D) yp(t) — Z A, COS(mTt) i Z B, Sin(’rmt) Technically ok but all By for

n>2 and all A, will be zero.
n=1 n=1

e Note: we definitely did not use 4 and -3 as our coefficients for the guess!



Using Fourier Series with Method of Undet. Coeff.

e Find the solution to the following problem:

8
y' + 16y = Z bnsin(nmt)  where the by are given values.

n=1

When the RHS is a sum, we can work with one term at a time so let’s
just focus on one of them, but not specify which:

y" 4+ 16y = b,, sin(nnt)

Because there is no y’ term, we can include only the sine function in

our guess.
I Yp(t) = By, sin(nnt)

Y, () + 16y,(t) = —n?m? B, sin(nrt) + 16 B,, sin(nnt) = by, sin(nmrt)

8
bn o .
yp(t) = g B, Sln(nﬂ't) What if the 16
n=1

Bn = 16 — n2712 had been 4127



