Today

e Fourier series for Method of Undetermined Coefficients

e Fourier series for Heat / Diffusion equation



Fourier series (Method Undetermined Coefficients)

e Replace f(t) by a sum of trig functions, if possible:
ay” +by 4 cy = f(t)
e For any f(t), how do we find the best choice of Ao, an, bn?

e This problem is closely related to an analogous vector problem: how do
you choose c1, ¢c2 so that w = ¢1v1+ C2Vv2?

e |[f vi and vz are perpendicular (v1 o v2 = 0), then
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Fourier series (Method Undetermined Coefficients)

e Replace f(t) by a sum of trig functions, if possible:

N N
2
ay”’ +by +cy=f(t) = Ay + Z ap cos(wpt) + Z by, sin(wy,t)
n=1 n=1

e For any f(t), how do we find the best choice of Ao, an, bn?

e This problem is closely related to an analogous vector problem: how do
you choose c1, ¢c2 so that w = ¢1v1+ C2Vv2?

e [f vi and vz are perpendicular (vi © v2 = 0), then W

WOV] = (C{V]1 OVy + CaV Vi V').

C1 — wWoVa C(\/I
V1 O Vy
5 W O Vo
viovy = ||vy| Co =




Fourier series (Method Undetermined Coefficients)

¢ For functions, define dot product as

gtyon(®)= [ g(ono) dt

* just like for vectors but indexed over all t instead of 1, 2, 3:

VOW = VWi + Vawso + v3W3



Fourier series (Method Undetermined Coefficients)

e Back to our ODE, what do we choose for the wh if f(t) has period T? Keep
In mind that we want all the functions involved to have period T.

ay” + by +cy = f(t) ? Ao + EN: ap, cOS(wpt) + EN: by, sin(wy,t)
n=1 n=1
A whn=1t/T
B)Wn=21/T
C)whn=nmn/T

D)wh=21tn/T

(E) Don’t know. Explain please.
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Fourier series (Method Undetermined Coefficients)

e Back to our ODE, what do we choose for the wh if f(t) has period T? Keep
In mind that we want all the functions involved to have period T.

N N
2
ay’ +by +cy=f(t) = Ay + Z ap, cOS(wpt) + Z by, sin(wy,t)
n=1 n=1

A)wh=1t/T \
Once we find the coefficients, this will be

the Fourier series representation of f(t).
(B) Whp = 2n/T

C)whn=nmn/T
& O)whn=21n/T

_ Draw graphs on doc cam.
(E) Don’t know. Explain please.



Fourier series (Heat/Diffusion equation)

e \When we talk about the Heat/Diffusion equation, we’ll need to satisfy
conditions at x=0 and x=L (ends of a heated rod or a pipe filled with
solution):
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Fourier series (Heat/Diffusion equation)

e \When we talk about the Heat/Diffusion equation, we’ll need to satisfy

conditions at x=0 and x=L (ends of a heated rod or a pipe filled with
solution):

e How should we choose Wn in this case?

u(xz) = A0+Zancos Wn X +ansm Wn )

n=1 n=1

e Here, the function is not periodic
on [0,L] but rather [-L,L]!!
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e This will require taking integrals (dot products) like
L
gla)ohla) = [ gla)h(z) da

* This integral is zero when

¥ (A) g is even, h is odd.
(B) g is even, h is even.
(C) g is odd, h is odd.



Fourier series (Heat/Diffusion equation)

e \Want to find Fourier series coefficients Ao, an, bn, that make

n COS(Wnx) + Z by, sin(wy, )

n=1

zz
i Mz

e This will require taking integrals (dot products) like
L
gla)ohla) = [ gla)h(z) da

* This integral is zero when

¥ (A) gis even, hisodd.  <-- g(x)h(x) is odd.
(B) gis even, hiseven. <-- g(x)h(x) is even.

(C) g is odd, h is odd. <-- g(x)h(x) is even.



Fourier series (Heat/Diffusion equation)

e Define vg(z) =1



Fourier series (Heat/Diffusion equation)
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e Define vo(x) =1 w,(x) = cos (L)

n=(0,)1,23,...
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Fourier series (Heat/Diffusion equation)

e Define vo(x) =1  wv,(x) = cos (?) n=(0,)1,2,3,
Wy () = sin (m) n=1,23,...
L
Vo © Up —
(A) 0
(B) m
(C) /2
(D) nri/2
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e Define vo(z) =1 wv,(x) = cos (—)
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e Define vo(z) =1 wg(z) = cos [ o> n=(0)1.2,3,...
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Fourier series (Heat/Diffusion equation)

e Defining Fourier series:

e Define a function frs(x) on the interval [-L,L] by choosing coefficients Ao,
an and bn and setting

2
fFS(.CE) — AO -+ a1 COS (%) -+ Q9 COS (%:E) + ...

. [TX , 2T
—|—b181n(L) | b251n<T> 4.
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e Defining Fourier series:
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e This is called a Fourier series. |t may or may not converge for different
values of x, depending on the choice of coefficients.
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e Defining Fourier series:

e Define a function frs(x) on the interval [-L,L] by choosing coefficients Ao,
an and bn and setting

2
fFS(ZU):AO—FCLlCOS(?T—:E)—|—azcos<ﬂ)_|_...
L L
by si (Ww) b 2Tx N
1 S11 T - D9 SIN —L

e This is called a Fourier series. |t may or may not converge for different
values of x, depending on the choice of coefficients.

e Given any function f(x) on [-L,L], can it be represented by some frs(x)?

~ ":(70

e | et’'s check for f(x) = 2uo(x)-1 on the interval [-1,1] ... | _

x

_'| |




Fourier series (Heat/Diffusion equation)

e Find the Fourier series for f(x) = 2uo(x)-1 on the interval [-1,1].

X 27X
fFS(iU):AQ+alCOS(L) | a2cgs< 7 ) ..

. (T . (27 '["(:‘7‘7
+b4 sin (—) + by sin L. I B

L L p
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e Our hope is that f(x) = frs(x) so we calculate = '

coefficients as if they were equal:
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2
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* Find the Fourier series for f(x) = 2uo(x)-1 on the interval [-1,1].
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e Our hope is that f(x) = frs(x) so we calculate
coefficients as if they were equal:
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1L e To simplify formulas, usually
Ay — —/ f(gj) COS (n—;‘;w) dor define
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e Find the Fourier series for f(x) = 2uo(x)-1 on the interval [-1,1].
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e Find the Fourier series for f(x) = 2uo(x)-1 on the interval [-1,1].
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Fourier series (Heat/Diffusion equation)

e Find the Fourier series for f(x) = 2uo(x)-1 on the interval [-1,1].

fFS(Q?) — @ a1 COS (ij) | CLQ(:QS(QWm) ..

2 L L
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e Our hope is that f(x) = frs(x) so we calculate
coefficients as if they were equal:

Ag = L/L f(:lj) dy Aoistheaverage
2L |,

value of f(x)!
¢ To simplify formulas, usually

1 [* -
Ay = f/ f(z) cos (n—zw) dx define L
—L aO:QAO:Z/ f(x) dx
L

bn:%/_LLf(x)sin (?) dx



